This article presents a synthesis technique for the planar Watt-I six-bar mechanism with a coupler point passing through three or four acceleration poles. The parametric equations for the loci of the acceleration pole on the fixed link and the coupler plane of the Watt-I mechanism driven by a crank with a constant rotational speed are derived. The desired coupler point of a path generator passing through three or four acceleration poles should be a triple or quadruple point on the locus of the acceleration pole described on the coupler plane. Using the parametric equations and multiple points on the locus of the acceleration pole on the coupler plane, the procedure for synthesizing the Watt-I path generator with a coupler point passing through three or four specified acceleration poles that accord with the specified crank angles is proposed. Two examples are provided to illustrate the feasibility of the proposed method.
NOMENCLATURE

G
Acceleration pole G II The double point of the locus of the acceleration pole on the coupler plane G III The triple point of the locus of the acceleration pole on the coupler plane G IV The quadruple point of the locus of the acceleration pole on the coupler plane
The position vector of A 0 R G The position vector of acceleration pole G on the fixed plane r G
The position vector of acceleration pole G on the coupler plane X, Y , O
The fixed coordinate system with origin O x, y, o
The moving coordinate system with origin o α
The angle between side c and side c of coupler link α i
The angular acceleration of link i, i = a, b, c, d, e β
The angle between side b and side b of rocker link γ G The coupler curve traced by the coupler point G δ
The argument of r G with respect to x-axis ε
The argument of e with respect to x-axis η
The argument of c" with respect to x-axis θ The argument of f with respect to x-axis κ f
The locus of the acceleration pole on the fixed plane κ d
The locus of the acceleration pole on the coupler plane 
INTRODUCTION
An acceleration pole of a planar mechanism is the coupler point position with zero absolute acceleration. The micro-path of the acceleration pole of a coupler link exhibits three infinitesimally close and equally separated points on a straight line. An acceleration pole is thus the optimal location for cutting a strip of material into sheets [1] or picking parts on a moving conveyer which requires a path generator for tracing an approximate straight line with a constant velocity in the vicinity of the working point.
In the kinematic analysis and synthesis of mechanisms, locating the instantaneous velocity pole and acceleration pole is an important issue. The velocity poles for planar mechanisms can be located using the Kennedy-Aronhold theorem [2, 3] . The location of the acceleration pole for a coupler with respect to the frame can be identified using geometrical [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] or analytical methods [14] [15] [16] [17] [18] [19] [20] . The equations for the location of the velocity pole of a coupler with respect to the frame can be expressed in an explicit [15] [16] [17] [18] 21] or implicit form [22] [23] [24] . It has been found that the degree of the polynomial equation for the locus of the velocity pole of a four-bar linkage is eight, and that the polynomial has a circularity of two [23] . Regarding the locus of the acceleration pole, Rosenauer [14] used Joukowski's theorem [4, 14] to develop the explicit equations for the coordinates of the acceleration pole of a non-offset slider crank mechanism driven by a crank with a uniform angular velocity. The loci of the acceleration pole can be described on the fixed link and coupler plane, respectively. Hwang and Fan [24] applied the concept of acceleration angle to find the polynomial equations in implicit form for the loci of the acceleration pole of a slider crank mechanism operating at steady state.
Regarding the synthesis of planar mechanisms with a coupler point passing through velocity poles, Mayer [25] investigated the problem of a coupler point passing through two velocity poles of a planar fourbar linkage. Meyer zur Capellen and Krumm [26] synthesized the four-bar linkage and slider crank mechanism that generate a coupler curve passing through two velocity poles. Mayer [25] and Beyer [27] found the four-bar linkages that generate a coupler curve with three velocity poles. Shimojima and Ogawa [28] synthesized the Stephenson-I mechanism for the generation of a coupler curve with three velocity poles. Chang and Hwang [29] used the Watt-I mechanism to generate closed coupler curves with up to four velocity poles. Regarding the synthesis of planar mechanisms that generate a coupler curve with an acceleration pole, Kimbrell [19] synthesized the required four-bar linkage operating at steady state by using a graphical method. Hwang and Fan [21] proposed a design method that uses the parametric equations of the acceleration pole on the coupler of a slider-crank mechanism to synthesize the slider-crank mechanism with a coupler point tracing through two acceleration poles. The synthesis of planar mechanisms with a coupler point passing through three or more acceleration poles has not been previously reported.
The present study synthesizes a six-bar mechanism that generates coupler curves with three or more acceleration poles. The parametric equations for the loci of the acceleration pole on the fixed link and coupler plane of a Watt-I mechanism driven by a crank with a constant rotational speed are derived for the synthesis of path generators that generate a coupler curve with three specified acceleration poles that accord with three crank angles. Furthermore, a Watt-I path generator that guides a coupler point through four specified acceleration poles that accord with four crank angles is found.
PARAMETRIC EQUATIONS FOR THE COORDINATES OF ACCELERATION POLES
The six-bar mechanism of the Watt-I type illustrated in Fig. 1 is driven by crank a at a constant rotational speed ω a . Point G is the acceleration pole of coupler d with respect to the fixed link f . The solid line κ f and dashed line κ d represent the loci of the acceleration pole on the fixed plane and moving plane, respectively. In order to acquire the coordinates of acceleration pole G of coupler d, the fixed coordinate system XY and the moving coordinate system xy are defined as shown in Fig. 1 . Let point O be the origin of the fixed coordinate system, and moving pivot C (point o) be the origin of the moving coordinate system, with the x-axis aligned along line CD. The position vectors that locate acceleration pole G in the fixed plane and moving plane are R G (X G , Y G ) and r G (x G , y G ), respectively. Using coordinate transformation, the coordinates of acceleration pole G represented in the fixed plane and moving plane, respectively, are related as:
Differentiating Eq. (1) with respect to time twice gives:
where ω i and α i are respectively the angular velocity and acceleration of link i, i = a, c, d, as shown in Appendix A. The absolute acceleration of an acceleration pole is equal to zero; therefore, settingẌ G = 0 and Y G = 0, and expanding Eq. (2) gives: 
where
The locus of the acceleration pole on the moving plane, κ d , can be obtained by using the coordinates of acceleration pole G, (x G , y G ). Substituting Eqs. (3) and (4) into Eq. (1) yields the coordinates of acceleration pole G, (X G , Y G ), on the fixed plane. The locus of the acceleration pole on the fixed plane, κ f , can thus be generated. 
LOCATION OF THE COUPLER POINT PASSING THROUGH TWO OR THREE ACCELER-ATION POLES
Referring to Fig. 2 , the moving curve κ d intersects the fixed curve κ f at the corresponding acceleration pole successively along curve κ f when the crank rotates a cycle with a constant angular speed. Any coupler point chosen from curve κ d on coupler link d can trace a coupler curve passing through a corresponding acceleration pole on curve κ f . Furthermore, if the selected coupler point coincides with a double point on curve κ d , e.g. point G II , it will pass through two distinct acceleration poles corresponding to two crank positions, namely φ 1 and φ 2 , respectively. Likewise, when the selected coupler point coincides with a triple point on curve κ d , e.g. point G III , it will pass through three distinct acceleration poles, G 1 , G 2 , and G 3 , corresponding to three crank positions, namely φ 1 , φ 2 , and φ 3 , respectively.
The coordinates of the three acceleration poles, G 1 , G 2 , and G 3 , on the locus of the acceleration pole on the coupler plane are identical, as shown in Fig. 3 , and can be expressed as: Fig. 3 . Locus of acceleration pole described on moving plane.
From the Cartesian coordinates of the acceleration poles on the coupler plane, the polar expressions of the coupler point coinciding with a triple point on curve κ d are:
SYNTHESIS OF A WATT-I MECHANISM WITH THREE SPECIFIED CRANK ANGLES AND ACCELERATION POLES
In Fig. 4 , the X and Y coordinates of the three acceleration poles, G 1 , G 2 , and G 3 , on the fixed plane, the corresponding initial crank position, φ 1 , and angular displacements, φ 12 and φ 13 , are specified. The aim is to synthesize a Watt-I mechanism to trace a coupler curve with coupler point G passing through the three specified acceleration poles, G 1 , G 2 and G 3 , that accord with three crank angular positions, φ 1 , φ 2 , and φ 3 , respectively, where φ 2 = φ 1 + φ 12 and φ 3 = φ 1 + φ 13 . Fig. 4 . Three specified acceleration poles that accord with three specified crank angles.
Substituting the X and Y coordinates of the three given acceleration poles,
, into Eq. (1) yields:
As mentioned in Section 3, the location of a coupler point passing through three acceleration poles must coincide with a triple point on the locus of the acceleration pole on the coupler plane, as shown in Eqs. (7 -10) . Therefore, in order to synthesize the desired Watt-I mechanism, the ten Eqs. (7 -10) and (13 -18) should be simultaneously solved for obtaining the dimensions of the linkage. There are 16 unknowns in the ten equations: namely X A 0 , Y A 0 , a, b, c, d, e, f , b , c , θ , α, β , φ 1 , φ 12 and φ 13 . Six of them can be arbitrarily specified for synthesizing a Watt-I path generator.
Example 1
Synthesize a Watt-I path generator with a coupler point passing through three acceleration poles, G 1 , G 2 and 
Eq. (2) :
Eq. (3) :
Eq. (4) :
Eq. (5) :
Eq. (6) :
Eq. (7) :
where α) ) . Because the Watt-I mechanism must be continuously driven by the crank, the four-bar loop, a-c-b-f , should be a crank-rocker and the shortest link is input link a. The constraint equations can be expressed as: 
Furthermore, in order to assemble the linkage, the length of the longest link in each of the two loops, a-c-b-f and b -c -d-e, must be less than the sum of the other three links. The constraint equations can be written as: 
SYNTHESIS OF A WATT-I MECHANISM WITH FOUR SPECIFIED CRANK ANGLES AND ACCELERATION POLES
Similarly, if the locus of the acceleration pole on the coupler plane intersects four times at one point, and this quadruple point is selected as the coupler point; the coupler curve will pass through four distinct acceleration poles. Besides the three acceleration poles given in Eqs. (13) (14) (15) (16) (17) (18) , the X and Y coordinates of the fourth acceleration pole (X G 4 , Y G 4 ) can be written as:
where φ 4 = φ 1 + φ 14 . The x and y coordinates of the fourth acceleration pole on the coupler plane must satisfy:
Hence, the fourteen Eqs. (7-10), (13) (14) (15) (16) (17) (18) , and (35-38) should be simultaneously solved for the Watt-I mechanism. There are 17 unknowns in the 14 equations: namely X A 0 , Y A 0 , a, b, c, d, e, f , b , c , θ , α, β , φ 1 ,  φ 12 , φ 13 , and φ 14 . Three of them can be arbitrarily specified for synthesizing a Watt-I path generator with a coupler point passing through four specified acceleration poles.
Example 2
Synthesize a Watt-I path generator with a coupler point passing through four acceleration poles, G 1 , G 2 , 
CONCLUSIONS
This paper proposed a procedure for synthesizing Watt-I path generators with a coupler point passing through three or four acceleration poles. The parametric equations for the loci of the acceleration pole on the fixed plane and coupler plane of a Watt-I mechanism driven by a crank with a constant rotational speed were derived. Using the parametric equations and the characteristics of multiple points on the locus of the acceleration pole on the coupler plane, the desired Watt-I path generator with a coupler point passing through three or four specified acceleration poles that accord with the specified crank angles was obtained. Two examples were used to demonstrate the feasibility of the proposed method.
The Watt-I mechanism with a coupler point passing through five acceleration poles was not found. Hence, future research will focus on other types of six-bar path generator with a coupler point passing through five acceleration poles. Another topic is the synthesis of six-bar path generators with a coupler point passing through several acceleration poles with specified velocities. 
